Trapping ultracold argon atoms by Edmunds, PD
                              
Peter David Edmunds
A thesis submitted to University College London
in partial fullment of the requirements for the
degree of Doctor of Philosophy
Department of Physics and Astronomy
University College London
November 2014                                                                                
                                                                                  
                        
                                                                         
         
                                                                                   
                                                                                  
                                                                                         
                                                                                       
                                                                                     
 ﬃ                                                                                      
                                                                                       
                                                                                  
                                                                                   
                                                                                       
                                                                                    
                                                                                     
                                                                                     
                                                                                      
                                                                                       
                
                
                                                                                        
                                                                                         
                                                                               
                                                                                 
                                                                                          
                                      
                                                                                          
                                                                                          
                                                                                 
                                                                                        
           ﬀ                                                                     
                                          
                                                                                        
                                                                                  
                                                                                   
                                                                                
                                                                           
                                                                                  
                                                                                         
                                                                                   
                                                                                    
                                                                                
                                                                                   
                                                                                  
                          
                                                                                           
                                                                                        
                                                                                           
                                                                                        
                                                                                        
                                                                                       
                                                                                          
       ﬀ                                     
                                                                                         
                                                                                   
                                                                                          
                                                                                     
                                                                                     
                                                                                  
       ﬀ                                                        
                                                                                        
                                                                                  
                                                                                 
                                                                                
                                                                                 
                                                                                     
                                                                                   
                                                                                   
                                                                                    
                                                                                   
                                                                                   
                                                                                       
                                                                                            
                                                                                   
                                                                               
                                                                                
                                                                                    
                                                                               
                                                                                           
       ﬀ                                                           
                                                                                         
                                                                                      
                                                                                         
                                                                                       
                                                                                     
                                                                                  
                                                                                           
                                                                                 
                 
                                                                                    
                                                                                 
                                                                                   
                                                                                     
                                                                                   
                                                                                      
                                                                                           
                                                                                   
                                                                                   
                                                                           
                                                                                  
              
                               
                                   
                                             
                 
                
                                                                                           
                                                                                         
                                                                                           
                                                                                            
                                      
                                                                                 
                                                                                        
                                                                                           
                                                                                         
                                                                                   
                         
                                                                                 
                                                                                   
                                                                                       
                                                                                   
                                                                               
                                                                                     
                                                                                       
                                                                                     
                                                                                 
                                         
                                                                                          
                                                                                       
                                                                                     
                                                                                      
                                                                                  
                                                                                       
                                                                                          
                                                             
                                                                                    
                                                                                         
                                                                                          
        
             
                                                                                     
                                                                                  
              
                                                                                  
                                  
          
            
                                                                                      
                                                                                            
                                                                                     
                                                                                           
                                                                                         
                                                                                        
                                                                                       
                                                                                
                                                                                   
                                                                               
                                                                                   
                                                                                    
                                                                                         
                                                                                       
                                                        
                                                                                      
                                                                                     
                                                                                         
                                                                                       
                                                                                     
                                                                                        
                            
                                                                                    
                                                                      ﬀ                  
                                                                                       
                                                  
                                                                                
                                                                                      
                                                                                       
                                                                                     
                                                                                      
   
                                                                                    
                                                                                       
                                                                                     
                                                                                         
                                                                              
                                                                                       
                                                                                     
                                                                                
                                                                                      
                                                                                        
                                                     
                                                                                
                                                                                     
                                                                                       
                                                                                      
                        
                                                                                       
                                                                                  
                                ﬀ                                                    
                                                                                        
                                                                                       
                                                                                          
                                   
                                                                ﬀ                     
                                             ﬀ                                        
                                                                                         
                                                                                     
                                                                                    
                                                                                     
                                                                                        
                                                                                    
                                                                                       
                                                                        ﬀ          
                                                                                  
                                                                                      
                            
                                                                                    
                                                                                      
                                                                                       
                                                                                          
                                                                                     
                                            
                                                                                       
                                                                                      
                                                                                        
                                                                         
                                                                                    
                                                                                        
                                                                                    
                                                             ﬀ                           
                                                                                        
                
                      
                                                                                       
                                                                                       
                                                                                       
                                                                                         
                                                                                      
                                                                                     
                                                                                          
                                           ﬀ                                             
                                                                                      
                                                                                     
                                         
                   
                                                                                       
                                                                                     
                                                                                            
                                                                                   
                                                                                          
         ﬀ                                                                               
                                                           
                                                                                      
                                                                                    
                                                                                      
                                                                                    
                                   
                                                                                      
                                                                                          
                                                                               
                 
                                                                                          
                                                                                      
                                                   
                        
                                                                                       
                                                                                        
                                                                                      
                                                                                          
                                                                                       
                                                   
                                 
                             
               
                                                                                     
                                                                                         
                                                                                      
 ﬀ                                                                                        
                                                                                       
                                                                                           
                                                                                        
                                         
     ﬀ                                                                                      
                                                                                               
                                                                                        
                                                                                             
                                                                                           
                                                                                     
                                                                                     
 ﬃ                                
                               
                                                                                    
                                                                                     
                                                                                 
                                                 
                                                                                       
                                                                                          
                                                                                            
                                                                                              
                                                                ﬀ                          
                                                                                            
                                                                                           
                                           
                                                                              
                                                                                    
                                                                                     
                                                                                      
                                                                                         
                                                                                         
                                                                                     
                                                  
                                                                                 
                                                                                   
                                                                                         
                                                                                         
                                                                                      
                                                                                     
                                                                                    
                                                                                         
                                
                            
                                                                                         
                                                                 ﬀ                    
                                                                                     
                                                                                     
                                               ﬀ                                        
                                                       ﬀ                                
                                                                                  
                                                                                         
                                                  
                                                                                     
                                                                                       
                                                                                      
                                                                               
                                                                                     
                                                                                          
                                     ﬀ                                                     
                                                                                           
                                                                                  
                                                                                      
                                                                                       
                                                                                   
                                                                                      
                                                                                         
                                                                                            
  ﬀ                              
       ﬀ                                                                            
                                                                                        
                                                                                           
                                                                                             
                                                                                          
                                                               
                               ﬀ                                                       
                                                                                      
                            ﬀ                                                           
                                                                                     
                                      
                                                                                         
                                                                                        
                                                                                       
                                                                                 
                                                          
                                                                                        
                                                                                                
                                                                                               
                      ﬀ                                                                     
                                                                                       
                                                                                           
                                                                               ﬀ      
                                                                                       
                                                                                              
                                                                       
                                                                                     
                                                                                         
                                                                                          
                                          
                                                    
                                         ﬀ     ﬀ                                    
                                                                                        
                                                                                        
                                                                                            
                                                                                        
                                                                                        
                                                                                    
                                                                                       
                                                                                             
                                                                                      
                                                                                      
                                                                                    
                                                                                          
                                                                                         
                                                                                        
                                 
                                                                                  
                                                                                        
                                                                                         
                                                                                         
                                                                                      
                             
                                                        
                                                                                          
                                                                                       
                                                                 
                      
                                                                                     
                                                                                    
                                                                                        
                                                       ﬃ                                 
                
                                                                                   
                                                                                      
                                                                                         
                                                                                     
                                                                                       
                                            
                                                                                         
                                                                             ﬃ          
                                                   ﬃ                                   
                                                                                         
                                                                                   
                                                   ﬃ                                    
                                                             
                                    
                            
                                                                                          
                                                                                    
                                                                                      
                                                                                     
                                                                                     
                                                                                     
                                                                                      
                                                                                       
                                                                                      
                                                                                        
                              
                                                                                        
                                                                                         
                                                                                         
                  
                                                                   
                                                                                         
                                                                                      
                                                                                      
                                                                                       
                                                                                    
                                                                                      
                                    
                               
                                                                                     
                                                                                        
                    ﬀ                                                               
                                                                                     
                                                                                        
            ﬀ                                                                          
 ﬀ                                                                                       
                                                                                       
                                                                                      
                                                                                  
                                                                                        
                                                                                        
                                                                                    
                                                                                          
                                                                            ﬀ         
                             ﬀ                                                        
                                                                                 
  
                                                                                    
                                                                            
                   
                                                                                           
                                                                                           
                                                                                           
                                                                                        
                                                                                      
                                                                                         
                                                                                      
                                                                                        
                                                                                        
                                                                       
                                                                                        
                                                             
                                                                                    
                                                                                  
                                                                                  
                                                                                      
                                                                                   
                            
                                                                                       
                                                                                
          
                                                                                  
                                                                               
                                                                                    
                                                                              
                                                                                 
                                                                                
                                                                                  
                                                                                  
                                                                                 
                                                                               
                                                                                    
                                                
           
                                 
                                                                                         
                                                                                       
                                                                                          
                                                                                   
                                
                 
                                                                             ℏ        
   
(  
 
)
                                                                                     
                                                                                      
  ⟩                     ⟩                                                              
                                                                ⟩        ⟩       
                                                                                
                                                                                          
                                                                                          
 ﬀ                                                                                     
       
                                                                                ∆ 
                                                                                             
        
     
           ∆          
                                                                                      
                                       
    
   
    
     
                                                                     ﬀ              
                                                                                     
                             ∆                                                          
                                                                           
         ℏ 
     
          
      0 k  
    
     
                                                                                           
                                                                                           
                                                                ℏ  
                        
                                                                                         
                                                                                     
                                                    
                                                                                     
                                               ∆                                     
                                                                                         
                                                                                      
                                                                                          
                                     ﬃ                                              
                                                                                  
                                                                                         
                                                                    
                                                                                     
                                                                                     
                                                                                          
                                                                                      
                                                                                      
                                                                                        
                                                                                         
                                                                                            
                                                                                       
                             
                               ﬀ                                                   
                                                                                        
                                           ﬀ                                         
                                                                                          
                                                                                          
                                                                                         
                                                                                       
                       
                                                                                      
                                                                                         
                                                                                          
                                                                                  
          
ℏ 
   
     
                                                                                      
                                                           ∆                          
                                              
                                                                                     
                                                                                         
                                                                                        
                                                                                          
                                                                                
                                      ﬀ                                                   
                                                                                            
                                             ﬃ                                      
                                    
                                                                                      
                                                                                 
                                                                     
           
 ℏ   
  
     
                       
                                                    ﬀ                                    
                                                                                      
                                                                                         
                                                                                        
                                                                                        
                                            
                                                                                     
                                                 ﬀ                                   
                                                                                         
                ﬃ                                                                    
                                                                                             
                                                                                      
                                                                                         
 ﬃ                                                                        
                                                                                     
                                                                                        
                                                                                          
                                                                                           
                                                                                     
                                                                                          
                
                                                                                   
                                                                                                
                                                                                        
                                                                                       
                                                                                       
                  
                                          
                   
           
                                                  
                                                                 
                                                           
                                                                                         
                                                              
                                
                                                                                      
                                                                                     
                                                                                        
                                                                                       
                                                                                     
                                                      
                                                                                     
                                                                                       
                                                                                      
                                                                                     
                                                                                    
                                                                                         
                                                                              
                                                                                   
                            
            
                                                                
                                                                                    
                                                                                     
                                                                                           
                                                                                       
                                                                                      
                                                                                         
                                                    
  0
1 1 . 0
1 1 . 5
1 2 . 0
1 2 . 5
1 3 . 0
1 3 . 5
1 0 6 . 6   n m 1 0 4 . 8   n m
9 7 8 . 4   n m
8 4 2 . 5   n m
  Q u e n c h
8 0 1 . 4   n m
[ 5 / 2 ]
2
[ 5 / 2 ]
3
[ 1 / 2 ]
1
[ 3 / 2 ]
2
[ 3 / 2 ]
1
4 p   l e v e l s
4 s   l e v e l s
3 p
6   [
1 S
0 ]   g r o u n d   s t a t e
E
n
e
r
g
y
 
(
e
V
)
C o o l i n g   t r a n s i t i o n
            8 1 1 . 5   n m
                                                                                            
                                                                                         
                                                                                         
                                                                                           
                           
                                                                                           
                                                                                       
                                                                                          
                                                                                       
ϵ                                 ϵ                         ϵ                         
                                                        
                                                                                    
                                                 
        
 
 
⟨   ⟩    
 
 ϵ  
            
                                                                                          
                                                                                         
        
 ϵ                              
                                                  
                                 
                                                                                       
                                                                                            
                                                                                   
            ∇         
 
 ϵ  
     ∇          
                                                                                    
         
                                                                                  
                                                                                
       ⟨     ⟩  
 
ϵ  
                  
                                                                         
        
    
ℏ 
 
 
ℏϵ  
                   
                                                                                    
                                                                                            
                                                                                       
                                                                                             
       ϵ        
 
  
                  
      
                                                                                       
                      
( 0
 
)                                                           
                                                                                      
                                      
                                                                                   
                                                       
           
    
   
 
(
 
      
 
 
      
)
           
   
           
    
 ℏ  
 
(
 
  
)  (
 
      
 
 
      
) 
           
                                                                            ∆          
                                                                                      
   
         
    
   
 
 
∆
           
   
           
    
 ℏ  
 
(
 
∆
) 
           
                                                                                      
                                                                                         
                                  ∆                                                      
                                                                                      
                            
                                                                                     
                                                                                       
                                                                                          
                                                                                             
                                                                                           
                                                                                      
                                                                        ﬀ                
                                                                                      
                                                                                    
                                                           
             ﬀ                      
                                                               ﬀ                        
                                                                                      
                                                                                       
                                                                                          
                                                  
         
    
   
 
 
  
           
   
           
    
ℏ  
 
(
 
  
)  (
 
  
) 
           
                                                                                             
                               
           
 
 
                   
                                                                                              
                                                                                          
                                                                                       
                                                                                       
                                                                                      
                                                                                            
           
                                
    
                                                                                    
                                                                                   
                                                                                      
                                                                                          
                                                                                  
                                                                                        
                                                                           ﬃ                
                                                                                         
                                                                                           
                                                                                         
                                                                              
                                                                                  
                                                                                  
                                                                                         
                        
                                                                                      
                                                                                      
                                                                                         
                                                                                        
                                                                                          
                                                                                      
                                                                                        
                        
                       
                   
                                                                                         
                                                                                     
                                                                                  
                                                                                    
                                                                                        
                                                                                       
                                                     ﬃ                                
                                          
                                                                    ﬃ           
                                                                                    
                                                                                     
                                                                    ﬀ                    
                                                                    ﬃ                  
                                                                                          
      
            
           
             
             
           
        
       
              ﬀ                                                                     
                                                         
                                                                                  
       ﬀ                                                                        
                                                                                    
                                                                                       
                                                                                         
 ﬃ                                                                               
                                                                                 
                                                                                       
 ﬀ           
                                                                        
                                                                                   
                                                                                  
                                                                                    
                                                                                
                                                                           
                                                                                    
                                  
                                                                                     
                                                                                         
                                                                                   
                                                                                         
             ﬀ                        
                    
                                                                                    
                                                                                     
         
                                                     
                                                                             
                                                      
                                                                 
                                                              
                                                                                    
                                                                                          
                                                                                        
                                                                                         
                                                                                    
                                                                                       
                                                                                     
                                                                                   
                                                                                      
                                                                                        
                                                                                         
                                                                                      
                                                                                      
      ◦                                                                                  
                      
                                                                                      
                                                                                            
                                                                                    
           ﬀ                                                                            
                                                                                      
                                                                                      
                                                         ﬀ                             
                                                                                      
                                                                                     
                                            
                                                                                  
                                                                                        
                                                                                         
      
                   
        
        
            
   
   
   
   
   
   
   
   
          
     
             
    
         
   
                                                                                       
                                                                                         
                                                                                      
                                                                                   
                                                                                         
                                                                                        
                             
                                                 
                                                                                          
                                                                                      
                                                                                      
                                                                                       
                                                                                       
                                                                                  
                                                                                     
                                                                                  
                                                                                  
                   ﬃ                                                                
               
                                                                                     
                                                                                      
                                                                                           
                           
                                                                                    
                                                                                     
                                                                                             
                                ﬀ                                             ﬀ             
                                                                                               
                                                                                          
                                                                                      
                                                                                     
                                                                                        
                                                                                       
                                                                                   
                                                                                        
                      
                                                                                        
                                                                                  
                                                                                      
                                                                                  
                                                                                          
                                                                                      
                                                                                     
                                                                                      
                                                                                        
                                                                                       
                                                                   
                                                                                      
                                                                                       
                                                                                           
                                                                                     
     
        
    
              
         
         
     
       
    
          
  
  
       
  
                                                                                      
                                                                                         
                                                                                      
                  
                                   ∆                                                 
∆                    
                                                                                
                                                                                        
                                                                                                 
                                                                                        
                                                                                    
                                        ﬀ                                             
                                                                                         
                                                                                             
                                                                                           
                                                                                           
                                                                                         
                                              
                                          
                                                                                      
                                                                                       
                                                                                   
                                                                                     
                                                                                     
                                                                                       
                                                             
                                                 ﬀ                                  
                                                                                      
 ﬀ                                                                              
                                                                                       
                                                                                      
                                                                                           
                        ﬀ                       
                                                                                   
                                                                                    
                                                                                       
                                                                                          
                                                                                 
                                                         
                         
                                                                                   
                                                                                      
                                 
                                                                                  
                                                                                  
                   ﬀ                                                         
                                                                                
                                                                                 
                          
                     ﬀ                                                                
                                                     ﬀ                     
                                                                            
                                                                                 
                                                                             
                                            
                                                     ﬀ                        
                                                                           
              ﬀ                                             
                                                 
                    
                              
                                                                                        
                                                                                         
                                                        
                                                                                     
                                                                                      
                                                                                       
                                                                                     
                                                                                   
                                                                                          
                                                                                           
                                                                    
                                                                                    
                                                                                            
      ﬀ                                                                                    
                                             ﬃ                                        
                                                                                   
                                                                                       
                                                                                      
                                                                                       
                                                                    
                                                                                     
                                                                                         
  -1500 -1000 -500 0 500 1000 1500
0.5
0.6
0.7
0.8
0.9
1.0
-200 -100 0 100 200
0.3
0.4
0.5
0.6
0.7
b)
Detuning from resonance (MHz)
a)
T
r
a
n
s
m
i
s
s
i
o
n
E
r
r
o
r
 
s
i
g
n
a
l
 
(
V
)
T
r
a
n
s
m
i
s
s
i
o
n
Detuning from resonance (MHz)
 σ
+ and σ
- DF peaks
-0.05
0.00
0.05
0.10
0.15
 Error Signal
 
                                                                                        
                                                                                       
                                                                                     
                                                        
                                                                                      
         ﬃ                                                           
                       
                                                                       ﬃ           
                                                                                        
                                                                                           
                                                                                  
                                                                                         
                                                                                         
                                                                     
                                                                               
                                                                                      
                                                                                      
             
                                                                                         
                                                                                        
                                                                                      
                                                                                        
                            
168 170 172 174 176 178 180
0.75
0.80
0.85
0.90
0.95
1.00
T
r
a
n
s
m
i
s
s
i
o
n
Laser diode current (mA)
Injection locking
       range
                                                                                   
                                                                                       
                                                                                 
                                                                                          
                                                      
                                                                                      
                                                              ﬃ                             
                                                                                          
                                                                                     
                                         
                                                                                  
                                                                                        
                                                                                         
                                                                                  
         
                                                                                     
                                                                                          
                                                                                   
                                                                                    
                                                                                         
                                                                              
                       ﬃ                                                           
                                                                                
                                                                  
      
            ∆    
        Ω  
        
    
     
                                                                                     
                                  ∆                                                 
                                                                                      
        ﬃ        Ω                                                                        
                                                                                         
                                     
             Ω                                                                         
                                                                      Ω              
                                                Ω     Ω                             
                                                                                  
          Ω                 
                                                                             
  0.0 0.5 1.0 1.5 2.0
Distance (mm)
                                                       
                                                                                   
                                                                                 
                                                                                        
                                                                                        
                                                                 
                                                                                  
                                                                                  
                                                                                 
        
 
 
  
           ∆          
                                                                  ℏ                       
                                                                                        
                  
  
  
    ℏ             
                                                                                     ≪     
                                                                                         
                                                  
    
 
 
ℏ 
    
     
                                              
  
  
      
 
           ∆          
                                                                                  
                                                                                     
                    
                 
 
  
 
  
   
(
       
 
)
     
                                                                                 
                                  
∫  
 0
           ∆    
 
        
∫  
  
      
 
  
 
  
   
(
       
 
)
        
          
(
   
 ∆ 
  
)
  
(
 
  
)
 
(
      
    
)
                            
                                                                                    
  
        
    
(
  2
  2
      2
  2
 
)
      
     
                                                                                            
                                                                                           
                                   
                          
                                           
                                                                                    
                                                   
   
             
  
   
(
         
   
 
 
         
   
 
)
      
                                                                                
   
            
  
      
                                                                                         
                                                                                          
                                                                                      
                                                                                      
                                                                                  
                                                                                          
                                                                                   
                                                                                           
                                                                                        
                                                                     
       
(
                      
                     
)
      
                                                                                     
                                                                                    
                                                                                        
                                                                                     
                                                                                    
                                                                                       
                                                                                          
     
           ﬀ                                                                        
                                                                                       
                                                                                      
                                                                                      
                               
                                                                                       
                                                                                    
                                                                               
                                                                                        
                                              
                                                                                       
                                                                                      
                         
                                                                                      
                                                                                    
                                                                                       
                                                                                           
                                                                            
                                                                                    
                                                                                       
                                                                                       
                                                                                       
                                                                
                                                       ﬀ                          
                                                                                        
                                                                                    
  -40 -30 -20 -10 0 10 20 30 40
0.00
0.02
0.04
0.06
0.08
0.10
P
h
o
t
o
d
i
o
d
e
 
v
o
l
t
a
g
e
 
(
V
)
Detuning from resonance (MHz)
 No MOT
 MOT
                                                                                    
                                                                                    
                                         
                                                                                  
                                                                                       
                               
                                                                                     
                                                                                        
                            ﬃ                                                        
                       
                                                                             
                                                                                       
                                                                                          
                                                                                        
                                             
                                                                                   
                                                                                         
                                                                                    
                                        
  -15 -10 -5 0 5 10 15
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
F
r
a
c
t
i
o
n
a
l
 
A
b
s
o
r
p
t
i
o
n
Detuning from resonance (MHz)
Model Lorentz
Equation
y = y0 + (2*A/PI)*(w/(4*(x-x
c)^2 + w^2))
Reduced 
Chi-Sqr
1.67685E-4
Adj. R-Square 0.69014
Smoothed Y1
y0
xc
w
A
H
                                                                                         
                                           
                  
                                                                                    
                                                                                     
                                                                                        
                                                      
                                         
                            
             
                                                                                
                                                                                       
                                                                                    
                                                                                   
  ﬀ                  
                                  
                                                                               ﬃ     
                                                                                     
     ﬃ                                                            ﬀ                         
                                                        
       
          
                      
        
                                                       
0.0 0.5 1.0 1.5 2.0 2.5
0
2x10
9
4x10
9
6x10
9
8x10
9
1x10
10
D
e
n
s
i
t
y
 
(
a
t
o
m
s
/
c
m
3
)
Time (s)
a)
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0
2x10
9
4x10
9
6x10
9
8x10
9
1x10
10
D
e
n
s
i
t
y
 
(
a
t
o
m
s
/
c
m
3
)
Time (s)
b)
                                                                                     
                                                                                            
                                                                                        
                                                                                          
                                                                                      
                                                                                
                                                                                     
                                                                                     
                                                                                     
                                            
                                                                                
                                                                                   
                                                                                     
                                                                                           
   ﬃ                                            ﬃ                                  
                                                                                             
                                                                                           
                                                                                        
                                       
                     ﬃ                                                               
                                                                                       
                                                                                      
                    ﬀ                                                                 
         ﬀ                           
                                                                                      
                                                ﬀ                                      
                                                                                          
                 
                                                                                   
                                                                                      
                                                                                      
                                         ﬀ                                       
                                                                                  
                                                                    
            
   
   
 
         
                                                                                           
                                                                                    
                    
0 20 40 60 80 100
0.0
2.0x10
5
4.0x10
5
6.0x10
5
8.0x10
5
1.0x10
6
1.2x10
6
1.4x10
6
1.6x10
6
1.8x10
6
2.0x10
6
(
1
/
e
2
 
r
a
d
i
u
s
)
2
 
(
µ
m
2
)
Expansion time
2 (ms
2)
Equation
Weight
Residual Sum of 
Squares
Pearson's r
Adj. R-Square
C1
a)
b)
                                                                                       
                                                                                      
                                                                                           
                                                  
                                                                                      
                                                                                        
                                                                                          
                                                                                      
                                                                                           
                                                                                            
                                                                                       
                                                                                      
                                                                                         
                                                                                     
                                                                                    
                            
                                                                                   
                                                                                   
                                                        ﬀ                           
                                                                                     
                                                                                        
                                                                                        
                                                                                         
                                                            
           
  2                  
                                                                                     
                                                                                       
                                                                                      
                                                                                       
                                                                                   
                                                      
                
                                                                                          
                                                                                         
                                                            ∆                             
                 ∆                                                                       
                                                                                           
                                                                                     
                                                                                             
                              
     
 
 
                    
                                                                                              
                                                                                           
                                                    
            
  
 ϵ       
   
(
 
   
     
)
     
                                                                                  
         
√
          
                                                    
        
                                                                
                                                                                   
                                                                                        
                                                                                           
                                  
                 
                                                                                 
                                                                                     
                                                                                        
                                                                        ≳              
                                                 
                                                                              
                                                                                   
                                                                                      
                                                                                     
                                                                                      
              
                  
                                                                                     
                                                                                       
                                                                                      
                                                                                       
                                                                                     
                                                                                           
             
  CO2 laser
RF in
 Water
Cooling
Telescope:
 f1= 3.8 cm
 f2= 19 cm
Brewster angle
    attenuator
Beam Dump
     Waist =110 μm
Well Depth = 240 μK
Zeeman slower
Ar gas
f = 34.5 cm
Vacuum system
                                                        
                                                                                 
                                                                                      
                                                                                   
                                                                                   
                                                                                        
                                                                                            
                                                                                  
                     
                                                                                       
                                                                                   
                                                                                         
                                                                                          
                                                                                      
                                                       ﬃ                              
                                                                                     
                    
                                                                               
                                                                                 
                                                                                 
                                                                                    
                                                                                        
                                                                                  
                                                                                   
                                                                                     
                                                                                        
                
                                                                              
                                                                                     
                                                                                          
                                                      
                                                                                   
                                                                                      
                                                                                
                                
                                                                                     
                                                                                       
                                                                                     
                                                                                        
                                                                                           
                                                                                        
                                                                 
                                                                               
                                                                                      
                                                                  
   
  
 
[
       
( 
 
 
        
)]
       
                                                                                            
                                                                                            
                                                                                    
                                                                                      
                                                                                     
                  
0 100 200 300 400
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
P
o
w
e
r
 
(
W
a
t
t
s
)
Knife-edge position (microns)
                                                                                   
                                                                       
                                                                                      
                                                                                    
                                                                                      
                                                                                    
                                                  ﬀ                                     
                                                          
                                                                                        
                                                                                            
               ﬃ                                                                         
                                                                                        
                                                                                            
                                                                                           
                                                                                          
                                                               
                       
                                                                                          
                                                                                    
                                                                                        
                                                                                    
                                                                                      
                                     ﬀ                                             
                                                                                    
                                                                                       
                                                                                   
                                                                                     
                              
           
       
              
      
        
             
           
     
         
             
             
           
             
              
                                                                                    
                                                                                   
                                                                                     
                                                           ﬀ                           
                                                                                      
                                                                   ﬀ                    
                                                                                     
                                                                                     
                                                                                 
                                              
                                                                                     
                                                                                           
                                                                                  
                                                                                         
                     
                                                                                       
                                                                                        
                                                                      
                                                                                     
                                                                                           
                                                                                           
                                                                                         
                                                                                          
                                                                                  
                                                                                  
                                                                                     
                                                                           
                                                                              
                                                                                         
                                                                                         
                                                                                       
  0 1 2 3 4 5 6
0
100
200
P
i
x
e
l
 
c
o
u
n
t
s
 
(
a
r
b
.
 
u
n
i
t
s
)
Distance (mm)
 Fluorescence data
 Untrapped atoms
 Trapped atoms
 Cumulative fit
                                                                                     
                                                                                     
                               
                                                                                    
                                                                                             
                                                      
                                                                                   
                                                                                           
                                                                                     
                                                                                         
                                                                                      
                                                                                      
                                                    ﬀ                                    
                
                                                                                      
                                                                                          
                                                                                   
                                                                                     
                                                                                         
  a) b)
0 1 2 3 4 5 6
0
40
80
120
160
200
P
i
x
e
l
 
c
o
u
n
t
s
 
(
a
r
b
.
 
u
n
i
t
s
)
Distance (mm)
 Subtracted background
 Data with background c)
                                                                                 
                                                                                 
                                                                                        
                            
                                                            
                                                                                          
                                                                                     
                                                                                
                                                                                       
             ﬀ                                                                            
                                                                                          
                                                                                      
          
                                                                                      
  0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
 B
 ExpDec1 Fit of Sheet1 B
T
r
a
p
 
f
l
u
o
r
e
s
c
e
n
c
e
 
(
A
r
b
.
 
u
n
i
t
s
)
Time (ms)
Model ExpDec1
Equation
y = A1*exp(-x/t1) + y0
Reduced 
Chi-Sqr
6.32996E-5
Adj. R-Square 0.99928
B
y0
A1
t1
k
tau
                                                                                          
                                                 
                                                                                        
             ﬃ                                                                            
                                                                                       
                                              
4 ms 8 ms 12 ms 16 ms
                                                                                         
     
                                                                                       
                                                                                       
                                                                                      
                                                                                    
                                                                                        
                                                                                    
                             ﬀ                                                    
                     ﬀ                  
0 500 1000 1500 2000 2500 3000
0
20
40
60
80
100
A
m
p
l
i
t
u
d
e
Frequency (Hz)
                                                                                       
                                                                                          
      
                                                                                
                                                                                        
                                                                                    
                                
                                                                                  
                                                                                       
                                                                                           
                                                                                              
                           ﬀ                                                         
                                                                   
                                                                                  
                                                                                     
                                                                         
              
(
     
  
  
 
 
  
  
 
)
     
                                                                                     
                                                                                      
                  
        
√
   
   
 
     
   
         
√
   
   
 
       
                                                                                  
                                                                                   
                                                                                  
                                                                                        
                                                                                          
   
                                                                                       
                                                                                          
                                                                                        
                                                                                      
                                                                                  
                                                                                     
                                                                                      
                                                                                      
                            
                                                                                     
                                                                                         
                                                                                       
                                                                                        
                                                                                         
 ﬀ                                                                                     
                                                                      ﬀ                 
                         
                                                                      ﬀ           
                                                                                       
                                                                                       
                                                                                       
                                                                          
                                                                                   
                                                                                  
                                                                      
               
                                                                                       
                                                                                      
                                                                                 
                                                                                         
                                                                                       
                      
                                                                                  
                                                                                     
                                                                              
                                                                                       
                                                             ﬃ                         
                                                                                         
                                                                                   
                                                                                         
                                                                                          
           
     ﬀ                           
      
                                              ﬀ                                            
                                                                                      ﬀ   
                                                                                           
                                                                                             
                                                                                        
                                                                                         
                                                                                           
              
                          
                                                                                           
                                                                                        
                                                                                       
                                                                                         
                                        
                                                                                        
                                                                            ﬃ             
                       ﬃ                                                               
                                                                                        
                               ﬃ                                                         
                                                                                       
                                    ﬃ                                                
                                                                                        
             
   
       
            
 ϕ
             
  
  ϕ
       
    
 ϕ
       
     
     
 ϕ
     
 
             
                                                                                           
                                                   
                                                                                 
                       
                     ϕ           ϕ               
  ∑
   
       ϕ        
    
          ϕ      
      ϕ                ﬀ                                                              
                                                   
        
(
       
     ϕ
  ∑
   
       ϕ  
)
     
(
       
 
    ϕ
          ϕ
)
     
                                                                                            
         
           
      
  
 
   
 
    
          ϕ
 
   
 
 
     
       
           
 
      1 2
    1 2 2     
(
ϕ
 
)      
              
                                                                             
              ﬃ         
   
     
                 
                                                                                     
        
       
           
 
          
(
ϕ
 
)      
Transmission
Frequency
ωFSR
Δωres
                                                                                     
                                   
                              ϕ                             ϕ                       
                                   
                                                
                               
         
 
  
                  
                
                                                                            
                                                                            
      
    
 
     
                                                                                          
                                   ﬃ                        ﬃ                         
                                                                                            
                                                                                 ﬃ       
                                
 
         
 
                                           
                      ﬃ                                 
    
 
√
                   
[
   
√
                   
]       
                                                                                      
                                                            
        
                   
                   
 
           
(
ϕ
 
)      
                                                                     ﬀ       ϕ        
                 
  
   
 
                    
                           
                       ϵ                                                              
                                                                                      
                                                                      ﬃ       
   
  
 
 
  
                 
      
                                                                                       
                     
  
ϵ   
                      
(
 
  
) 
      
                                                                                          
                                                                   
   
    
  
     ϵ               
(
 
  
) 
 
   ϵ             
                           
                                                                                           
                                                                              
                                                    
                                                                                         
                                                                                       
                                                                                         
                                                                                            
                                                                                            
                             ﬀ                                                     
                                                                                   
                                                                                      
                                                                                    
                                                                                      
                                                                                          
                                                                                            
                                                                                    
                                                                                      
                                                                                 
                                                                                 
                                                                                    
                                                                                           
                      ﬀ                                                                 
                                                                                  
                                                                             
                                                                                      
                                                                                       
                                                                                         
                                                                                             
                                            
         
       
        
  
      
     
        
     
         
          
               
                                                              
                                                                                      
                                                                                     
                                                                                        
                                                                                        
                        
                                                                                   
                                                                                          
                                                                                         
                                                                                      
                                                                                        
                                                                                           
                                                          
                                                                                     
                                                                                         
                                                                                         
                                                                                         
                                            
                                                                                      
                                                                                            
                                                                                     
                                                                                       
                                                                                        
  0 10 20 -10 -20
0 10 20 -10 -20
Frequency (MHz)
0
1
-1
P
D
H
 
E
r
r
o
r
 
S
i
g
n
a
l
100
50
0
R
e
f
l
e
c
t
e
d
 
p
o
w
e
r
 
(
%
)
a)
b)
                                                                                     
                                                                           
                                                                                                
             
                                                                                      
                                                                                          
                                                 Ω                                      
   
                    Ω         
                                                                                           
                                                        ﬀ                  
                  
(
       )
             
                                                
         Ω   
  ∑
  
   Ω             
                                                                                    
                                                                         
                             Ω           
[
                      Ω               Ω  
]
      
                                                                                       
                                                                          ﬀ                  
                                                                            Ω         
                                                          ﬃ          
 
    ϕ   
     ϕ         
                                                                            
         
[
                      Ω           Ω           Ω           Ω  
]
      
                                                    
                               
                                                                           
                
            
                
      
{
       Ω  
           Ω  
 
}
   
√
                    Ω               Ω     Ω  
   
√
                    Ω               Ω     Ω  
    Ω       
      
                                                                                          
                                        Ω                                              
                         Ω                                                          Ω 
                                                                                          
                                       
ϵ    
√
                   Ω               Ω         
                                                                                       
       
             
                                     
       
             
                                                                                             
                                             
                                                                                 
                                                                                          
  ﬀ                                                                                       
                                                                                            
                                                                             Ω         Ω
                                                                                        
 ﬀ                                                                                    
                             
                    Ω              Ω         
                                                                                       
                                                                                  
                   Ω                       Ω              
                                                                            
         
{
   
 
 
(
  Ω       Ω )}[
             
(
  Ω       Ω )]
           
                                                       
      
  
             
{
       
 
 
     
}
     Ω  
 
{
        
 
 
     
}
     Ω    
 
 
     
{
      Ω           Ω  
}       
                             Ω                                                       
                                                                                      
                    Ω                                                      Ω          
                                                                                        
                                                                        
               
 
                                                                                    
             
   
                         
                                                                                         
                                                                                       
                                                                                 
                                    
                      
                                                                                         
                                                                                        
                                                                                           
                             
                                                                                    
                                                                                       
                                                                                      
                                                                     
   
 
 
  
  
 
 
   
 
 
 
   
  
   
 
 
 
 
 
 
   
   
 
 
 
 
 
 
  
  
 
 
 
 
 
 
 
   
  
       
 
 
 
 
 
 
 
  
  
 
 
 
      
     
(
   
  1
   
)
                                                                         
                          
(
   
   
)
                                                     
                                                                                       
                                                                                         
                                                                                            
                             
                                                              
 
 
 
  
  
 
 
     
 
 
 
  
  
 
 
        
                                                                                         
                
 
 
 
  
  
 
 
   
 
 
 
   
   
 
 
 
 
 
 
  
  
 
 
     
 
 
 
  
  
 
 
        
                   
 
 
 
       
       
 
 
 
 
 
 
  
  
 
 
            
                                                                                             
        
   
 
 
 
       
       
 
 
            
                                                      
     
 
 
 
       
  
       
     
 
 
           
(
   
 
  
)
              
                                                 
                       
               
                                                                       
                                                                                          
                                                               
       
√
           ϕ               
                                                           
         
√
            ϕ               
                                                                                 
                                                                                  
                                                     
 
 
 
  
  
 
 
      
 
 
 
  
  
 
 
        
                                                         
 
 
 
  
  
 
 
       ϕ
 
 
 
  
  
 
 
        
                                                                                      
                  
                                                                          
     
 
 
 
  
  
 
 
        ϕ
 
 
 
  
  
 
 
        
                                ϕ                                            
            
                                                                                            
                                                                        
   
(
   
 
  
)
   
√
   
(
   
 
  
) 
      
                                                                                      
                                                  
   
 
  
                    
                                  
                     
                 
                                                                                 
                                                                                         
 
 
 
   
   
 
 
   
 
 
 
   
   
    
 
 
 
 
 
 
   
   
 
 
 
 
 
 
   
   
 1  
 
 
 
 
 
 
   
   
 
 
 
 
 
 
 
   
   
        
  
 
 
 
 
 
 
   
   
 1      
  
 
 
 
      
                                                                                        
                                                                                       
                                                                                     
                                            
 
 
 
   
   
 
 
 
 
 
 
    
 
 
 
                            
                            
 
 
        
         
      
 
 
           
(
   
 
   
)(
   
 
   
)
          
                                                            
(
   
   
)
                        
               
     
 
 
                  
                                                            
   
(
   
 
   
)(
   
 
   
)
          
                                                                                    
                                                                    
   
(
   
 
  
)(
   
 
  
)
          
                                                                                            
                                                                
 1         
 2              
                                                                       
                                                                                        
                               ﬀ                                                          
               ﬀ                                                                      
                                                                                           
                                                                                      
                                                                                            
                                                                                           
                                      ﬀ                                                   
                                                                                         
                                                                                          
                                                                          
                
                                                                                       
       ﬀ                                                                            
                                                                                       
                                                                                          
                                                                                     
                   
                                                                                         
                                                                                     
                                                                                        
                                                        
          2  2
      
                                                                                     
                                                                                          
                                                                                    
                                                                    
 
 
 
 
 
   
 
          
                                                                                 
                                                                    
        
   
 
 
      
                                                                                       
              
   
 
 
          
                                                                               
                                                  
         
√
   
(
  
   
 
) 
      
   
        
[
   
(
   
 
  
) ]
      
                                                        
          
[
   
(
   
 
   
) ]
      
     
  
      
          
  2
0
                                                                      
                                   
 
                                            
                                                                                        
                                                                      
  
   
 
  
√
                
                                                       
    
 
 
√
                
                                                                                              
            
                                                                                 
                                                                                      
                                                                                         
                                                                                         
                                                                                       
                                                    
                 
                          
  
  
  
  
                                                                                      
                                                               
                                                                                     
                                                                     
        
  
  
√
    
(     
 
) 
      
        
  
  
√
    
(     
 
) 
      
                                                                                         
                                                                                       
                                                           
                                                                                       
             ﬀ                                                                         
                                                                                          
                                                    
       
     
 
                                                                                  
                                
                                                                                             
                                                                                       
                                                                               
                                                                                          
                                                                                       
                                                                                         
                                                                                       
                                                                                        
                                                                                            
                                                                                 
                                                                                      
                                                                                           
                                                                                         
                                                                                        
                                                                                           
                                          
                                                                                       
                                                                                       
                                          ﬀ                 ﬀ                           
                             
 ′  
 ϵ                                
                           
                                                                                      
                                                                                      
                                                                                           
                                                                                        
                                                                       
                                                                                    
                                                                                        
                                                                                     
                                                                                        
                                                                                      
                                                                                         
                                                                                 
                                                                                  
                                            ﬀ                                       
                                   
                                                                                           
                                                                                      
                                                                                      
                                                                                              
                                                                                   
                                                                                     
           
     ﬀ                           
                         
                                                                                         
                                                                                            
                                                                                     
                                                                                           
                                                                                         
                                                                                      
                                                                                           
                                                                                         
                                                                                   
  ﬃ                                                                                   
                 ﬃ                                                                             
                                                                                             
                                                                              
                                                                                         
                                                                                      
                                                                                    
                                                                                  
                                                                                        
                                                                                         
                        
                                   
                               
                                                                                       
                                                                                          
                                                                                   
                                                                                       
                                                                                        
                                                                                            
              
                  ﬀ                                                               
                                                                                   
                                                                                   
                                                                                          
      ﬀ                     ﬀ                                                            
             
                                                      
                                                                                            
                                                                                       
                                                                                     
                                                                     
                                                                                    
                                                                                          
                                                                               
                                                                                   
                                    ﬀ                            ﬀ                         
                                                                                            
                                                                                         
                                                                                            
                                                                                       
                             
                                                                                   
                                                                                   
                                                                                      
                                                                                     
                                                                                    
                                                                                   
                              
                           
                                                                                 
                                                                                       
                                                                                             
                                                                                             
                                                                                       
                                                                                       
                                                                                        
                                                                                          
                
                                                                                    
                                                                                 
                                                                                   
                                                                                  
                                                            
                                                                                          
                                                                                       
                                                                                       
                                                                                     
                                                                                           
                                                                                     
                                                                                     
                                                                                        
                                                                                     
                                                                                           
                                                                                        
                                     
0.000 0.001 0.002 0.003 0.004 0.005
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
-0.05 0.00 0.05 0.10
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
P
h
o
t
o
d
i
o
d
e
 
V
o
l
t
a
g
e
 
(
V
)
Time of scan (s)
P
h
o
t
o
d
i
o
d
e
 
V
o
l
t
a
g
e
 
(
V
)
Time of scan (s)
FSR
                                                                                          
                                                                                        
                                                                                        
                                                                                      
                                                                                          
                                                                                          
                                                                                        
                                                                                      
                                                                
                                                                                 
                                                                                     
                                                                                       
                                                                                       
                                                                    ﬀ                 
                                    ﬀ                               
      ﬀ                                                                            
                       ﬀ                                                               
                                                                                       
  0 2 4 6 8 10
10
20
30
40
50
60
70
80
90
100  Scan up
 Scan down
P
i
e
z
o
 
V
o
l
t
a
g
e
 
(
V
)
Mode number (m+n+1)
                               ﬀ                                                      
                                                                                        
                                                                     ﬀ                 
               
                                                     
        ∆                 ∆          
      ∆                                ∆                                            
                                                                                       
                                                                                   
            ﬀ                                                           ﬀ             
                                                                                      
                                                                                      
                                                                                       
                                      ﬀ                                                  
                                                      
                                                                                      
                                                                                  
                                                                                         
                                                                                    
                                                                                     
                                                                                       
                                                                                      
                                                                                       
           
                                                                                         
                                
   
  
  
     
                                                                                              
                                                                                        
                                                                                           
                                                                                      
                                                                                          
     ﬀ                                                                            
                ﬀ                                                                       
                                                                                        
             
-20 0 20 40 60 80
0.00
0.01
0.02
0.03
0.04
0.05
0.06
P
h
o
t
o
d
i
o
d
e
 
s
i
g
n
a
l
 
(
V
o
l
t
s
)
Time (µs)
                                                                        ﬀ                
                                                                                  
                                                       ﬀ                              
         ﬀ                                                                           
                                                                                     
                                                                                        
                                                                                          
                  
  
 
∆   
 
 
(
  
  
       
)
     
                                                               ∆                ﬀ      
                                                                ﬀ                       
                                                                                        
                                                                                              
                                                                                     
                                                                                            
 ﬀ                                                  ﬃ                                 
                                                          
-20 0 20 40 60
0.00
0.02
0.04
0.06
0.08
P
h
o
t
o
d
i
o
d
e
 
s
i
g
n
a
l
 
(
V
o
l
t
s
)
Time (µs)
                                            ﬀ                                        
                                        
                                                                                 
                                                                               ﬃ    
                                                                                         
                                                                                  
                                                                                    
                                                                                     
                                                                                     
                                                                                       
                                      
                                                                                  
                                                                                      
                                                       
                                                          
   
                      
             ﬃ                                                                        
                                                                                  
                                                                                    
                                                                                     
                                                                                         
    ﬃ                                                                                  
     
                                                                                  
                                                                                        
                                                                                         
                                                                                       
                                                                                         
                                                                                       
                    ﬃ                                                                
                                                                                    
                                                                                    
                                                                     
           
           
                                                                                      
                                                                                          
                                         
                                                                                         
                                                                                       
                                                                                   
                                                                                    
                                                      ﬃ                              
                                                                                        
                                                                                 
                                                                                     
                                                                                  
                                                                                      
                                                                                    
                                
                                                                                          
                                                                                             
                                                                                      
     ﬀ                                                                                
                                                                
                                                                                  
                                                                                   
                                                                                   
                                                                                       
                                                                                     
                                                           
0.0
0.5
1.0
1.5
2.0
-60 -40 -20 0 20 40 60
-0.2
-0.1
0.0
0.1
0.2
-60 -40 -20 0 20 40 60
0.35
0.40
0.45
0.50
 
 
P
h
o
t
o
d
i
o
d
e
 
V
o
l
t
a
g
e
 
(
V
)
 Cavity Mode
 
V
o
l
t
a
g
e
 
(
V
)
 Error Signal
 
P
h
o
t
o
d
i
o
d
e
 
V
o
l
t
a
g
e
 
(
V
)
Cavity detuning from resonance (MHz)
Reflected Mode
                                                                                          
                                                                                    
                                                                                  
                                                                                       
          
                                                                                 
                       
 
 
                                                                  
                                                                                         
                                                                                            
                                                                                   
                                     
                                                     ﬃ                            
                                                                                       
                                                                                      
                                                                                        
                      
                                                     
                  
                                                                                            
                                                                                        
                                                                                        
                                                                                       
                                                                                     
                                                                                   
                                                                                        
                                                                                          
                                                                
M6
35 mm
10 mm
9 mm
                                                                           
                                                                                
                                                                                        
                                                                                  
                                                                                       
                                                                                   
                     
                    
                                                                                    
                                                                                    
                                                                                 
                                                                                    
                                                                                    
                                                                              
                                                                                  
                                                                                         
                                                                                        
                             
                                                                                
                                                                                        
                                                                                 
                                                                                    
                                                                                      
                                                                                       
                                                                                          
                                                                                         
                                                                                         
                                                                                         
                                                                                     
                                                                                     
                                                                                         
                                                                                         
                                                                                      
                                                              ﬀ                        
                                                                  ﬃ                 
            
         
          
   
             
        
  
        
   
           
         
   
         
       
         
       
         
   
   
   
  
    
    
    
    
      
       
       
      
              
          
                                                                                     
                                                                               
                                                                                        
                                                                                       
                                                                                        
                                                                                      
                                                                                      
                                                                                            
                                                                                        
                                                                                         
                                                        
                                                                                  
                                                   ﬀ                                  
                                                                                       
                                                                                         
                                                                                        
                                                                                  
                  ﬀ                                                                      
                                                                                 
                              
                                                                                      
                                                                                          
                                                                                     
                                                                                     
                                                                               
                                                                                      
                                                                                             
                                                                                   
                                                                                         
                                                                                         
                                                                  
                                                                              
                                                                                      
                                                                                        
                                                                                  
                                                                                     
                                                                                   
                                                                                        
                                                                          
                                                                                
                                                                                         
                                                                                 
                                                                                    
                                                                                      
                                                                                     
                                                                                          
                                                ﬀ                                     
                                                                                        
                                                                               
           
     
              
           
        
             
           
     
         
             
             
           
             
              
                                                                                        
                                                                       
                                                                                     
                                                                                         
                                              ﬀ                                       
                                                                                 
                                               
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
F
r
a
c
t
i
o
n
 
o
f
 
M
O
T
 
l
o
a
d
e
d
Well depth (mK)
                                           ﬃ                                           
                                                                                       
         ﬃ                                                                               
                                                                                      
                                                                                 
                                                                                       
                                                                                   
                                                                                
                                     
           
                                  
                                                                                    
                                                                                     
                                                                                         
                                                                                    
                                                                                     
                                                                                        
                                               
                                                                                   
                    ﬀ                                                                
                                                                                       
                                                                                      
                                                                                   
                                                                                   
0 100 200 300
0.0
0.1
0.2
0.3
0.4
 AOM Stabilisation
 No AOM Stabilisation
F
r
a
c
t
i
o
n
 
o
f
 
M
O
T
 
T
r
a
p
p
e
d
Time (ms)
Cavity beam
                                                                                        
                                                                                         
                                                                                        
              
                                                                                       
                                                                                      
                                                                                  
              
                                                                                    
                                                                                    
                                                                                       
                                                                                        
                                                                                        
                                                                                      
                                                    
0 1 2 3 4 5 6 7 8 9 10
-100
-90
-80
-70
-60
-50
-40
-30
-20
d
B
Frequency (kHz)
 Stabilised
 Unstabilised
                                                                                         
                                                                                         
             
                                                                                     
                                                                                       
                                                                                        
                                                                                          
                                                                                             
                                                                                        
                                                                                          
                                      ﬀ                                              
                                                                                        
                                                            
                                                                                      
                                                                                         
                                                                                      
                                                                                        
                                                                                            
                   
                                                
                                                                ﬀ                   
                                                                                  
                                                                         ﬀ          ﬃ     
                                                                                           
                          ﬀ                                                               
                                                                                         
                                                                                          
                                                                                           
                                                                                      
                                                                                         
                                                                                         
                                                                                             
                                                                                         
              
                                                                             
                          ﬀ                                                          
          ﬀ                                                                       
                                                                                     
                                                                                         
                                               ﬀ                                         
  0.0
0.1
0.2
0.3
0.4
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0
100
200
300
400
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
-60
-40
-20
0
20
40
60
 
 
V
o
l
t
s
 
(
V
)
 a) AOM Voltage
 
A
r
b
.
 
U
n
i
t
s
 b) Cavity Transmission
 
m
V
Time (s)
 c) Error Signal
                                                                                    
                                                                                       
                                                                                      
          
                                                                                       
                                                                                       
                                                                                       
                                                                                       
                                                                                         
                                                                                       
                                                                                       
          
                                                                                    
                                                                                         
                              ﬀ                                                       
                                            
- 4 - 3 - 2 - 1 0 1 2 3 4
0
5 0
1 0 0
1 5 0
2 0 0
2 5 0
3 0 0
3 5 0
C
a
v
i
t
y
 
T
r
a
n
s
m
i
s
s
i
o
n
 
(
A
r
b
.
 
U
n
i
t
s
)
D e t u n i n g   ( M H z )
b )
- 4 - 3 - 2 - 1 0 1 2 3 4
3 0
4 0
5 0
6 0
7 0
8 0
9 0
1 0 0
1 1 0
E
r
r
o
r
 
S
i
g
n
a
l
 
(
m
V
)
a )
                                                                                 
                                                                              
                          ﬀ                                                           
                                                                                               
                                                                                        
                                                                                   
                                                                                   
                                                                                      
                                                                                           
                                
                              
                               ﬀ                                                          
                                                                                  
                                                                                   
                                                                                           
                                                                                    
              
0 50000 100000 150000 200000
3.5x10
-8
4.0x10
-8
4.5x10
-8
5.0x10
-8
5.5x10
-8
6.0x10
-8
6.5x10
-8
(
1
/
e
2
 
r
a
d
i
u
s
)
2
 
(
m
2
)
Expansion time
2 (µs
2)
0 50000 100000 150000 200000
6.0x10
-9
8.0x10
-9
1.0x10
-8
1.2x10
-8
1.4x10
-8
1.6x10
-8
1.8x10
-8
(
1
/
e
2
 
r
a
d
i
u
s
)
2
 
(
m
2
)
Expansion time
2 (µs
2)
a)
b)
                                                                                       
                                                                                              
                                                                                 
                                ﬀ                                                   
                                                                                     
                                                                                  
                                                                            ﬀ         
                                                                                     
                                                      ﬃ                               
                                                                                         
                                                      ﬃ                         
                                                                                       
                                                                                     
                                                                                        
                                                                                    
                                                                                      
             ﬃ                                                                           
                                                       
                    
                                                                                           
                                                                                        
                                                                                            
                                                                                          
                                                 ﬃ                                        
                                                                                     
                                                                                     
                                                                             ﬀ        
                                                                  
                                                                                     
                                                                                         
                                                                                         
                                                                                        
                                                                                             
                                                                                     
                                                                                    
                                                                                        
                                                                                    
             
   
{
               
 
 
               
}
 
  
     
                                                                                        
                                                                                    
                                                                                        
                                                                              
                                                                                       
                                                                                    
                                                                    
∆   
          
  
     
          
  
          
         
    0  0 
                           
    0  0 
                             
                                                                                         
30 40 50 60 70 80 90 100
5.3
5.4
5.5
5.6
5.7
5.8
5.9
6.0
6.1
6.2
R
a
d
i
u
s
 
o
f
 
C
u
r
v
a
t
u
r
e
 
(
c
m
)
Intensity on mirrors (kW/cm2)
0 100 200 300 400
16
17
18
19
20
21
22
Time (s)
P
i
e
z
o
 
V
o
l
t
a
g
e
 
(
V
)
a)
b)
0.0
0.1
0.2
0.3
0.4
0.5
 
C
a
v
i
t
y
 
T
r
a
n
s
m
i
s
s
i
o
n
 
(
A
r
b
.
 
U
n
i
t
s
)
                                                                                          
                                                                                      
                                                                                       
                                                                                         
                                         
                                                                                           
                                                                                  
                                                                                
                                                                                     
                                                                                      
                                                                              
                                                                                    
                                                                                      
                                                                                       
                                                                                    
                                                                                  ﬃ 
                                                                                     
                                                                                       
                                                                                      
0 100 200 300 400
16
17
18
19
20
21
22
23
P
i
e
z
o
 
V
o
l
t
a
g
e
 
(
V
)
Time (s)
                                                                                    
                 ﬀ                                                                   
                        
                                                                                  
                                                                ﬀ                  
                                                                                         
                                                                                          
                         ﬀ                      
                                               
                                                                                            
                                                                                       
                                                                                         
       ﬃ                                                                             
                                                                                      
                                                                                       
                                                                                   
                                                                                      
                              
1 2 3 4 5 6 7 8
0.15
0.20
0.25
0.30
0 1 2 3 4 5
0.15
0.20
0.25
0.30
0.35
 Radial Trap Frequencies
F
r
a
c
t
i
o
n
 
o
f
 
M
O
T
 
t
r
a
p
p
e
d
Modulation Frequency (kHz)
2ωr
ωr
 Axial Trap Frequencies
F
r
a
c
t
i
o
n
 
o
f
 
M
O
T
 
t
r
a
p
p
e
d
Modulation Frequency (MHz)
ωz
2ωz
                                                                                     
                                                                                      
                                                                            
                                                                                  
                                                                                
                                                                                        
                                                                                         
                                                                                      
                                           
                                                                                
                                                                                    
                                                   
√
  0 2
                 
√
   0
  2
                                                                                         
                                                                                    
                                   
ϵ                                                        
                                                                                         
                                                                                     
                                                                                      
               
                                                                                      
                                                                                     
                                                                                       
                                                                                        
                                                                                   
                                                                                        
                                
                                                                                   
                                                                                        
                                                                                          
                                                                                     
                                                                                       
                                                                                      
                                                                                        
                                                                                       
                                                                                       
                                                                                            
                   
                                                                                      
                                                                                          
            
     ﬀ                           
                           
                               
                                                                                    
                                                                                      
                                                           ﬀ                           
                                                                                       
                                                                                       
                                                                                    
                                                                                        
                                                                                            
                                                                                     
                                                                                           
                                                                                        
                                                                                            
                                                     ﬀ                            
                                                                                      
                                                                                       
                                                                                         
                                                                                         
                                                                                  
                 ﬀ                                                                   
                                                                                           
                                       ﬃ                                                    
                                                                                        
                                                                                      
                                                                                      
                                                            ﬃ                       
                                                                                         
                                                      
                                                                                    
                                                                                           
                                                                                           
                                                                                    
                                                                                        
                                                                                      
                                                                                    
                                                                                       
                                                                                           
                                                                                       
                                                                                         
                                                                                        
                                                       ﬀ                               
                                                                                      
                                                                                      
                                                                                        
                                                                                           
                                                                                     
                                                                                      
                                                                                       
                         
                                                                                     
                                                                                         
                                                                                        
                                                                                        
                                                                                        
                                                                                     
                                                                                        
                                                                                         
                              
             
         
           
           
           
             
                                                                                      
                                                                                      
                                          
                                      
                                                                                      
                                                                                       
                                                                                       
                                                                                  
                                                                                     
                                                                                      
                                                                                    
                                                                               
                                                                                    
                                                                                        
                                                                                     
                                                       
                                                                                 
                                
                                         
                                
                                      
                              
                                                                                       
                                                                                   
                                                                                        
        
               ﬀ                                                                      
                                                                                        
                                                                                     
                                                                                         
             
      
  
    
            
       
               
                
        
        
       
        
                 
        
                   
          
           
       
                                                                                     
                                                                           
                                                                                     
                                                                                    
                                                                              
                                                                                 
                                                                                      
                                                                                 
                                          ◦  
                                                                                   
                                                                                    
                                                                                 
                                                                                   
                                                                                   
                                                                                    
                                                                                    
                                                                                     
                     
      
     
           
     
       
        
   
       
             
               
      
          
   
                                                                
                                                                           ﬀ    
                                                                                         
                                                                                    
                                     ﬀ                               ﬀ                 
                                                                                          
                                                           
                                                                                    
                                                                                       
                                ﬀ                                                 
                                                                                
                                                                          
                                 
                                                                                      
                                                                                      
                                                                                      
                                                                                 
                                                                                     
                 
   
       
     
         
         
       
         
      
          
        
        
    
       
        
         
             
             
           
             
           
              
                                                                                   
                                                                                     
                        
                                                                                 
                                                                                   
                                                                                       
                                                                                       
                                                                                        
                                                                                       
                                                                              
                                                  
                                                                                         
                                                                                         
                                        ﬀ                                               
                                                                                    
                                                                                            
                                                                                              
                                                                                       
                                                   
                                                                                     
                                                                                  
                                                                                     
                                                                                    
                                                                                       
                                                                                          
  ﬀ                                                                                     
                                                                                         
                                                                                   
                           
                                                                                      
                                                                                    
                                                                                       
                                                                                  
                        
                                                              
                                                                                     
                                                                                         
                                           
                                                                                      
                                  ﬀ                  
                                 
   0.0 0.5 1.0 1.5 2.0
0.1
1
10
A
v
e
r
a
g
e
 
n
u
m
b
e
r
 
o
f
 
t
r
a
p
p
e
d
 
a
t
o
m
s
 
p
e
r
 
l
a
t
t
i
c
e
 
s
i
t
e
Time (seconds)
                                                                                        
                                                                                          
                                                                                       
                                                                                      
                                                                                        
                                                                                        
                                                                                          
                  
                                                                               ﬃ     
                                                                                     
   ﬃ                                                            ﬀ                         
                                                       
       
          
                      
       
                                                       
                                                                                   
                                                                                      
                                                                                           
                                                                                           
                                                                                        
                                                                                         
                                                                                        
                                                                                       
                                                                                          
                                                                                       
              
                                                                                 
                                                 ﬃ                                       
                                        ﬃ                                               
             ﬃ                                                                          
                                                                                   
                                                                                       
                                                                 ﬀ                      
                                                                                     
                                              ﬃ                                     
                                                                                        
     ﬃ                                                                                  
                                                                          ﬃ             
                                                                                          
                                                                                        
                                                                                              
                                                                                          
                                                                                       
                                                                                          
                                                                                  
                                                                                 
                                                                                      
                                                                                         
                                                                                      
                 ﬃ                                                             ﬃ      
                                                                                         
                     ﬀ                                                                 
                             ﬀ                                                         
                                                                                           
                                                                                            
   0.0 0.5 1.0 1.5 2.0
0.1
1
10
A
v
e
r
a
g
e
 
n
u
m
b
e
r
 
o
f
 
t
r
a
p
p
e
d
 
a
t
o
m
s
 
p
e
r
 
l
a
t
t
i
c
e
 
s
i
t
e
Time (seconds)
                                                                                      
                               ﬀ                                                       
      
                                                                                              
      
                                                                                         
                                                                                          
                                                                                      
                                                                             ﬀ        
                                                    
                             
       
                            
                                                            ﬃ                            
                                                                                          
                                                                         
                                                                                   
                                                                                      
                                                                                        
                                                                                          
                                                                                      
   ﬃ                                                                                    
                                              
                                                                                     
                                        ﬃ                                             
                                                                                         
                                                                   
                                                                                       
                                                                                            
                                                                                             
                                                                                            
                                                                                       
                                                                                       
                                                                                      
                                                                                       
                                                                                          
                                                                                   
                                                                                   
                                                                                        
                                                                                         
                                                                                       
                                     ﬀ                                                  
                      
               
    
(
   
     
                    
)
 
     
          
     
     ﬀ                                                                                
                                        
  ﬀ     
(
        
 
)     
          
                                                                               
       
   0.0 0.2 0.4 0.6 0.8
140
160
180
200
220
240
260
280
M
e
t
a
s
t
a
b
l
e
 
a
t
o
m
 
t
e
m
p
e
r
a
t
u
r
e
 
(
µ
K
)
Time (s)
                                                                                       
                                                                                       
                                                                                        
                                                                                           
                      
                                                                                   
                                                                                       
                                                                                          
                                                                                         
                                                                                        
                                                                                          
                                                                                    
                                                                                     
                                                      ﬀ                               
               
                                                                             
                                                                                 ﬀ         
                ﬀ                                                                          
                                                                                         
         
         ⟨       ⟩          
 
∫
   
∫
    
   ℏ  
∫
    
   ℏ                   
( 
   
  
 
 
  
 
 
   
) 
   
  
 
 
  
 
 
         
                                                                                   
                                                                                         
                                                                                      
                                   
                                                                                
                                                                                     
                                                                                     
                                                                                
           
                                                                                    
       
 
 
(
  
                   
      )
     
                                                                              
                                                      
                 
     
(
   
 
       
)
   
(
      
    
)
        
          
(
  ℏ2
      
)
          
(
  
      
)   
  
                                         
                   
       
∫
   
       
   ℏ           
                                                                                      
     
         
    
   
√
   
 
(
  
 
 
  
 
)
      
                                            
√
   
 
(
  
   
  
 
)
                             
                
         
    
   
          
                                                                
          
(∫
             
)  
      
 
 
 
    
(
    
    
  
)
  
 
 
   
 
  
          
        
                                            
√
   
 
(
  
   
  
 
)
                            
                 
         
    
   
         
                                                         ﬀ                      
              ∆             
     
  ∆  
∆   
 
    
 
       
    
      
                                                                                  
                                                                                          
                                                                                          
            
                                                                               
                       
         
       
    
√
   
 
(
       
 
)
      
                                                                                            
                                                                                            
                                                                                      
            
                                                                                      
                                                                                        
                                                                                         
                                                                                         
                                                                                         
                               ′                                                            
                       
                                  
                       
                                                                                        
                                                                       ﬀ                
                                                                                     
                                                                                    
                                                                                   
                           
                                                                                      
                                                                                    
                                                                                         
                                                                                           
                                                                                           
                                                                                         
                                            
                                                                                      
                                                                                     
                                                                                         
                                                                                      
                                                                                           
                                                                                    
                                                                                       
                                                                                         
                                                                                     
                                                                                       
                                                                                    
                 
                                                                                    
                                                                                     
         
   
  
  
    ﬀ  ⃗          
        ﬀ  ⃗            ﬀ                                 
  ﬀ  ⃗       
 
 
     ⃗       
 
 
   
          
                                         ⃗                                                
                                                                                           
                                                                    
     
  
 
  
            
 
  
 
  
 
  
 
              
      
                                                  
 
ℏ 
  
   
     
  
 
                           
                                                                                  
                               
   
  
  
 
 
 
   
      ϵ             
      ϵ                                                           
ϵ     
         
  
      
                                                                                      
                          ϵ      ϵ                                                  
                                                   ϵ                                     
                                                                                      
                                                                                       
            
 ′     
 
 
ϵ      
          
                                 ⟩                                                 
                                               ̸ ⟩                                          
  
      
 
 
   
   
  
ℏ
∫  
 
  ′ ′
    ′       ′
   
   
 
(
   
 
 ℏ
)  ∫  
  
        ⟨ϵ   ϵ       ⟩
   ⟨ 
         ⟩
    
      
                                                                                             
      
⟨ϵ   ϵ       ⟩  
 
 
∫  
 
  ϵ   ϵ              
                                                                                        
   
        
   
 
  
                                
                                                                                    
          
       
 
 
∫  
 
       ⟨ϵ   ϵ       ⟩       
                             
∫  
 
         
∫  
 
          ⟨ϵ    ⟩   ϵ 
        
      ϵ                                                                                
                                          
                                                               ⟩                      
                                 
   ⟨       ⟩  
∑
 
       ℏ                   
 
 
 
  
        ⟨     ⟩
      
                                    ⟨     ⟩            
∑
               ℏ            
                                                                                          
               
⟨     ⟩     ⟨  ⟩       
                                                                                        
    
 
  
    
               
                                                                                           
                                                
                                                                                       
                                                                                             
                                                                                         
                                                                                         
               
       
                                                                                   
                                                                                          
                                                                                       
                                  ﬀ                                                 
                                                                                      
                                                                                      
                                                                                            
                                                                                     
                                                                                    
                                                                                       
                        
                                                                                  
                                                                                    
                                                                                          
                                                                                       
                   
                                                                                
                                                                                         
                                                   
           
√
 
    
 
        
                                                                                  
                                           
ϵ0                                             
                                                                                            
                                                                                    
                                                                                         
                                                                            ﬀ               
                                                                                      
                                                                                         
                                                                                         
                                                                                    
                                                                                       
                                                                            
                                                                                      
                                                                                         
                                                                                  
                              ﬀ                                                     
                                                                                
                                              
                                                                              
                                                                                     
                                                                                    
   2 4 6 8
6
8
10
12
2f0
M
e
t
a
s
t
a
b
l
e
 
T
r
a
p
p
e
d
 
C
o
u
n
t
(
A
r
b
.
 
U
n
i
t
s
)
Frequency (kHz)
f0
0.1 1
6
8
10
12
14
2f0 f0
b)
M
e
t
a
s
t
a
b
l
e
 
T
r
a
p
p
e
d
 
C
o
u
n
t
(
A
r
b
.
 
U
n
i
t
s
)
a)
0.1 1
2
4
2f0 (Ar)
f0 (Ar)
f0 (Ar*) 2f0 (Ar*)
c)
Frequency (MHz)
Frequency (MHz)
M
e
t
a
s
t
a
b
l
e
 
T
r
a
p
p
e
d
 
C
o
u
n
t
(
A
r
b
.
 
U
n
i
t
s
)
                                                                                  
                                                                                  
                                                                                           
                                                                                      
                                                                                       
                                                                                     
                                                                                       
                                              
                                                                                         
                                                                                        
                                                                                   
                                                                                      
                                                                                        
                                                                                        
                                                                                      
                                                                                      
                                                                                    
                                                                                      
                                                       
                                                                                        
                                                                                   
                                                                                       
                                                                                       
                                                                                       
                                                                                       
                                                                                           
                                                                                             
                                                                                       
                                                
                                                                                    
                                                                                     
                                                                                  
               
                                                                                    
                                                                                       
                                                                                       
                                                                                   
                                                                                       
                                                                              ﬃ     
                                                                                           
                                                         ﬃ                              
                                                                                             
                                                                                     
          
                                                                                      
                                                                                           
                                                                                         
                                                                                      
                                                                                       
                                                                                         
                                                                                      
                                                                                         
                                                  
                                                                                
                                                                                 
                                                                                   
                                                                                       
                                                                                           
                                                                                  
                                                                                      
                                                                                     
                                                                                           
                                       
                                                                                    
                                                                                        
                                                                                        
                                                                                            
                                                                                         
                                                                                          
                                                                
                                                                                           
                                                                                 
                                                                                   
                                                              ﬃ                          
                                    
                       
                                
                             
                           
                                    
                                                                                        
                       
                                                                                     
                                                                                        
               ﬃ                                                                     
                                                                                         
                                                                                    
                                            
                                                                                   
                                                                                      
                                                                                        
                                                                                           
                                                                   ﬀ                      
                                                                                      
                                                                                     
                          
                                                                                 
                                                                                      
                                                                                     
                                                                                        
                                                                                  
                                                                                  
                                                                                         
                                                                                            
                                                                                              
                                                                                
                                                                                    
                                                                                      
                                                                                       
                                                                                       
                                                                                       
                                                                                      
                                                                                        
                                                                                     
                                                                                        
                                                                                     
                                                            
            
           
                                    
                                           
                                                                                         
                                                                                    
                                                                                            
                                                                                         
                                                                                      
 ﬃ                                                                              
                                                                                     
                                                                             
                                                                                    
                                                                                    
                                                                                        
                                                                                 ﬃ         
                  
                                                                              
                                                                                    
                                                                                  
                                                                                       
                         ﬃ                      
                                                                               
                                                                                   
                                                                                       
                                                                ﬃ                    
                                                                         
                           
                                                                                     
                                                                                  
                                                                                        
                                                                                   
                                                                                       
                                                                                     
                     ﬀ                                                         
                                                                                 
                                                                                     
                                                                                   
                                                                                    
                                                                                    
                                                                                    
                                                                                      
                                           
                                                                                  
                                                                                    
                       
                         
                                                                                      
                                                                                         
                                                                                      
                                                ﬃ                                          
                     
                                                                                       
                                                                                     
                                                                                          
                                                                                       
                                                                                        
                                                                                         
                   ﬀ                                                                     
                                                                                    
                                                                                         
                                       
                                                                                   
                                                                                   
                                                                                  
                                                                                       
      ﬃ                                                                            
                                                                        ﬀ                
                                                                                  
                            
     ﬀ                                                                                
                                                                                         
                                                                                
                                                                                    
                                                                                    
                           
                                                                                    
                                                                                       
                                                                                        
                                           
                                                                                
                                                                                    
                                                                                   
                 ﬃ                                                                  
        ﬃ                                                            
                                                                                      
                                                                                        
                                                                                      
                                                                                          
                                                                                      
                                                                                           
                                                                                    
                                                       
                                                                                
                                                                                   
                                                                                   
                                                                                 
                                                                                          
                                                                                       
                                                                                    
                                                                                         
                                                                                         
                                                                                          
                                                                   
                                  
                                                                                        
                                                                                            
                                                                                       
                                                                                    
                                                                                       
                                                                                    
                                                                                     
                                                                                     
                                     ﬃ                                               
                                                                                  
                                                                                        
                           ﬀ                                                         
                 
                                                                                      
                                                                                   
                                                                                      
 ﬃ                                                                                   
                                                                                      
                                                ﬃ                
               
                                                                                      
                                                                                    
                                                                                     
                                                                                          
                                                                                        
                                                                                          
                  
                             
                                      ⟩                                                  
                                                                                       
                                                                                       
                                                                                          
                                                                                         
                                                                          ﬀ            
                                                                                    
                                         
                                                                                
                                                                                      
                                                                                              
                                                                                         
                                                                                        
                                           
                   
             
         
     
   
       
   
                
                        
                     
             
                      
                 
                                   
                                                                                     
                                                                                    
                                                                                     
                                                                           
                                                                                            
                                                                                         
                                                                                            
                               
                         
                                    
        
 
                            
                                                                                  
                                                                                       
                                                                                     
                                                                                        
                                                                                           
                                                     
                                                                                   
                                                                                    
                                                                                        
                                                                                            
                                                                                         
                                                                                   
                         
                                                                                          
                                                                                        
                                                                                          
                                                                                        
                                                                                 
                                                                                   
                                                                       
                                                                                  
                                                                                         
                                                                                          
                                                                                           
                                                                                        
                                                                                    
                                                                                     
                                                                                          
               ﬀ                                                                       
                                                                                            
                                                                                       
                                                                   
                                                     
                                                                                       
                                                                                   
                                                                                   
                                          
                                                                              
                                                                                      
                                                                                  
                                                                                      
                                                                                  
                                                                                  ⟩
                                                                                       
                                                                                       
                                                                                    
                                                                                       
      ﬀ                                                                            
                                                                                       
                                                  
                                                                                    
                                                                                    
                                                                                   
                                                             
                        
                                                                                      
                                                                                       
                                                                                         
                                                                                   
                                                                                      
             
                         
                                                                                    
                                                            ﬃ                         
                                                                                         
                                          
                                                               ﬀ                        
                                                                                 
                                                                                   
                     
                                                                                        
                                                                                          
                                                         
                                                                                     
                                                                                     
                                                                                   
                                                                                   
                                                                                      
                                                                                      
                                                                                        
                                                                                      
                                                                                        
       
             
                             
                                                                                    
                                                                                        
                                                           
                                                               
  
 
 
  
  
 
 
  
    
      
 
 
 
 
 
 
 
 
 
 
 
 
         
 
 
   
  
 
 
 
 
 
 
 
 
 
 
        
    
 
 
 
 
 
 
 
 
 
 
 
 
 
    
      
 
 
 
 
  
 
 
  
 
 
 
 
    
        
 
 
 
 
  
 
 
  
 
   
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    
       
 
 
 
 
 
 
 
 
    
             
 
 
 
 
 
   
 
 
 
 
   
  
 
  
 
 
 
 
 
   
   
   
      
 
 
 
 
 
 
 
 
  
        
         
                  
          
     
         
     
                      
             
        
         
          
          
            
      
               
        
                                                                                     
                                                                                    
                                                                                         
                                                                                      
                                                                                      
                    ﬀ                                                                
                                                                                     
                                                                                            
                                                                                          
                                                                                       
                                                                                            
                                                
             
                           
           
                                     ﬃ                                                    
                                           ﬀ                   
                             
       
                           
                                                                                         
             ﬃ                                      ﬃ                                     
                                                             
                                                                                          
                                                 
(
 
   
    
   
 
)
                             
                                                                                           
                 
   
       
   
                 
   
                
   
             
    
                        
∫  
 
             
           
       
      
∫  
 
       
(
      
     
) 
  
     
    
                        
∫  
 
             
           
              
                                                                                         
                                     
    
                 
[
   
 
 
(
        )
                     
]
     
   
    
                 
[
   
        
 
(
        )]
       
                                                                                     
                                                                                        
                      
    
                                       
     
 
          
 
(
   
 
 
                     
)(
   
        
 
) (
        )
 
 
[(
                   
 
)(
   
        
 
)
 
(
   
 
 
)
                     
        
 
](
         )
  
 
(
                   
 
)(
        
 
) (
         )
  
     
   
 
          
(
   
                     
 
)  (
        )
 
                       
(
   
                     
 
) (
         )
  
                        
(
         )
   
     
                                                                                   
                                                                                   
                                                               
               
                                                                                
                                
                                                                                      
                       
                                                                              
                                                                                 
                           
                                                                                    
                                                                                    
       
                                                                                    
                                                                                 
                             
                                                                                    
                                                                              
                                                                                     
                                                                         
                                                                                        
                                   
                                 ﬀ                                                   
                                                                 
                                                                                      
                                                                                
               
                                                                                   
                                                                                   
                        
                                                                                        
                                                      
                                             ﬀ                                     
                                   
                                                                                         
                                   
                                                                                         
                        
                                                                                  
                                                                     
                                                                                      
       
                                                                                  
                                                          
                                                                                      
                                              
                                                                                    
                                          
                                                                                      
                                                                 
                                                                                   
                                                                   
                                                                                           
                                                                        
                                                                                   
                                                                     
                                                                                 
                                                               
                                                                              
                                                                
                                                                                     
            
                                                                                 
                                                        
                                                                                   
                                          
                                                                                   
                                                                                    
              
                                                                              
                                                                                  
                                                                                      
                                           
                                                                                      
                                          
                                                                                    
                    
                                                                                      
                    
                                                                                       
                                  
                                                                                     
       
                                                                                   
                      
                                                                                    
               
                                                                                         
                               
                        ﬃ                                                            
                                                                             
       
                                                                                       
                                                           
                                                                                    
                                                         
                                                                                
                                 
                                                                                
                                      
                                                                                   
                                             
                                                                                     
                                                                                      
       
                                                                                    
                                                                       
                                                                                  
                                                                                  
                                    
                                                                                     
                                                                                   
              
                                                                                  
                                                                                  
       
                                                                                        
                                                                                  
       
                                                                                  
                                                        
                                                                                  
                                                                               
                                                  
                                                                                     
                                                              
                                                                                
                                                  
                                                                                     
                                                                    
                                                                                    
                                                        
                                                                                      
                                                                             
                                                                   
                                                                                     
                                                      
                                                                                       
                                                                           
                                                                                       
                                                                           
                                                                                    
                                                                                 
                                                                                    
                                                                                  
                                                                                 
                                                                     
                                                                                    
                                    
                                                                                   
                                                                             
                                                                                       
                                              
                                                                                          
                                                                              
       
                                                                                         
                                                        
                                                                                   
                                       
                                                                                     
                                                                                  
                             
                                                                                      
                                                                                    
       
                                                                                  
                                                                                
                                                     
                                                                                      
                                                                                   
       
                                                                                   
                                                                                   
                                                                                      
                                                        
                                                                                     
                                              
                                                                                          
                                          
                     ﬀ                                                             
                                                                         
                                                                                   
                                                                           
                                                                                      
                                                                                 
                                                                                
                       
                                                                                      
                                                                              
       
                                                                                        
                                                                              
                          
                                                                                  
                                                                               
                           
                                                                                    
                                               
                                                                                    
                                                                                   
                                                    
                                                                                     
                                                                                     
                  
                                                                                  
                                                                                       
                           
                                                                                    
                                                      
                                                                                      
                                          
                                                                                   
                 
                                                                    
                                                                                 
                                                          
                                                                                 
                                                                                   
                                        
                                                                                        
                                                                               
                                                                                     
                                                                                  
              
                                                                                   
                                  
                                                                                      
                                                                                       
                               
                                                                                   
               
                                                                                  
                                                                              
                                                                                       
                                                                            
                                                                                     
                                                           
                                                                                         
                                                                     
                                                                                  
                                               
                                                                                     
                                                                                   
                 
                                                                                             
                        
                                                                                            
                                   
                                                                                 
                                                                               
                                        
                                                                                         
                                                                                     
                                                                                            
                                                  
                                                                                           
                              
                                                                                       
                                                     
                                                                            ﬀ          
                                                  
                                                                                   
                                                 
        ﬃ                                                                            
                                                                
                                                                                   
                         
                                                                                  
                                                                      
                                                                                            
                                                           
                                                                                
                                                                                 
                                   
                                                                                     
                                                                    
                                                                                       
                                                                                   
       
                                                                                   
                                                                                   
                                                                                     
                              
                                                                                          
                               
           ﬀ                           ﬀ                                 
                                          ﬀ                                           
                                                                         
                                                                                   
                                                     
                                                                                      
                                                                                         
                                   
                                                         
                                                                               
                                                                              
                                                     
                                                                                    
                                                                                 
                                
                                                                                       
                                                                        
                                                                                           
                                                                                  
       
                                                                                        
                                
                                                                                    
                                         
                                                                                         
                                          
                                                                                  
                                      
                                                                                    
       
                                                                                       
                                                      
                                                                                        
                                
                                                                                       
                  ﬀ                                                               
                                          
                                                                                   
                                                                                   
                                                                                           
                                                            
                                                                                      
                    
                                                                                      
                                                                               
                                                                                         
                                       
                                                                                     
                                                                
                                                                                  
       
                                                                                   
                                                                   
                                                                                     
                                                                        
                                                                                         
                                                                                    
                                                                                   
                                    
                                                                               
                                                                                         
                                                                                     
                                  
                                                                                         
                      
                                                                                     
                                                                                  
                                   
                                                                                       
                                            
                                                                                       
                                                                        
                                                                                    
                                                                             
                          
                                                                                  
                                                                                  
                                                                                           
                                           
                                                                                          
                                                                           
                                                                                       
                                                                                  
            
                                                                                      
                                                                     
                                                                                       
                  
                                                                                     
                                                                                 
                                                                              
                             
                                                                                       
                                                                            
                                  
                                                                                  
                                                                              
                              
                                                                                      
                         
                                                                                
                                                                                    
                                                                                     
                              
                                                               ′                     
                                                                              
       
                                                                                         
                                             
                                                                                      
                                                  
                                    ﬀ                                                   
                         
                            ﬀ                                                      
                   
                                                                                      
                                                                                  
                                         
                                                                                        
                                                              
                                                                                       
                                                         
                                                                                         
                                                                                     
                                       
                                                                                   
                                                                          
                                                                                      
                                                                        
                                                                                    
                                                                                  
                                                                                     
                                                                             
               
                                                                                   
                                                  
                                                                                    
                                                                                    
                                                                                         
                                              
                                                                                     
                                                                               
                      
                                                                                    
                                                                                     
       
                                                                                       
                                                 
                                                                                          
                                                           
   